The validity of the cosmic censorship conjecture for the Kerr-Sen black hole, which is a solution to the lowenergy effective field theory for four-dimensional heterotic string theory, is investigated using charged particle absorption. When the black hole absorbs the particle, the charge on it changes owing to the conserved quantities of the particle. Changes in the black hole are constrained to the equation for the motion of the particle and are consistent with the laws of thermodynamics. Particle absorption increases the mass of the Kerr-Sen black hole to more than that of the absorbed charges such as angular momentum and electric charge; hence, the black hole cannot be overcharged. In the near-extremal black hole, we observe a violation of the cosmic censorship conjecture for the angular momentum in the first order of expansion and the electric charge in the second order.
Introduction
Black holes generate gravitational waves. Such waves are detected at the Laser Interferometer Gravitational-Wave Observatory (LIGO), where it has been shown that there are many massive black holes in our Universe [1, 2] . Using gravitational waves, the properties of black holes can be observed and analyzed.
In various gravity theories, black holes are solutions to the field equations in four dimensions. In Einstein's gravity theory, the Schwarzschild black hole is a static solution, and the Kerr black hole is a solution to a rotating black hole. When coupled with the Maxwell field, a rotating black hole is represented by a Kerr-Newman black hole. In string theory, black holes can be coupled with other fields, such as the dilaton field, Yang-Mills field, and antisymmetric tensor gauge field. The Kerr-Sen black hole is obtained using the low-energy effective field theory for the heterotic string theory in four dimensions [3] and is characterized by conserved quantities such as mass, angular momentum, and electric charges, which are similar to those of the Kerr-Newman black hole. However, the geometry of the Kerr-Sen black hole is different from that of the Kerr-Newman black hole.
The mass of a black hole consists of reducible and irreducible energies. Reducible energy, such as the rotational energy of a Kerr black hole, can be extracted from a black hole via the Penrose process [4, 5] . However, irreducible energy cannot be extracted by a physical process and increases even if the mass of the black hole decreases [6, 7] . The behavior of the irreducible energy is similar to that of the horizon area of the black hole, which is proportional to the Bekenstein-Hawking entropy [8, 9] because the irreducible energy is in the horizon area [10] . The temperature of a black hole can be defined as a Hawking temperature because emissions radiate from the surface of the horizon owing to a quantum effect [11, 12] . The laws of thermodynamics are constructed using the entropy and temperature. The laws of thermodynamics can be applied to gravitational radiation that is produced when black holes collide. After the collision of two Schwarzschild black holes, the entropy of the final system should be greater than that of the initial state. This is the second law of thermodynamics. The upper bounds of the radiation can then be obtained for the Schwarzschild black hole [13] . Radiation energy is affected not only by the mass of black holes but also by the potential energy from the spin interaction between black holes. This has been studied in Kerr black holes [14] [15] [16] [17] and Kerr-(anti-)de Sitter black holes [18] . In addition, the radiation may depend on the instability of the final black hole, which is related to the angular momentum of black holes [19] [20] [21] . The precise values and waveforms of the gravitational wave from a collision can be analyzed using numerical relativity [22] [23] [24] [25] [26] .
The solution for a black hole has a curvature singularity in the event horizon. The observation of the singularity is prevented by the cosmic censorship conjecture. There are two versions of the cosmic censorship conjecture-the weak and strong versions. Both versions are mathematically independent of each other. In this paper, we focus on the weak cosmic censorship conjecture (WCCC). The WCCC means that a visible singularity does not exist, so that the horizon of the black hole should stably cover its singularity [27] . For Einstein's theory of gravity, the conjecture has been tested in a Kerr black hole by adding a particle [28] . Various other tests of the conjecture have also been conducted for Einstein gravity, including higher dimensions [29] [30] [31] [32] [33] [34] [35] [36] [37] . Conserved charges from black holes can change infinitesimally when a particle is absorbed into a black hole [38, 39] . These changes can also be used to test the conjecture. Constrained by the energy of the particle, the change should be consistent with the laws of thermodynamics, and the black hole cannot be overcharged by the particle absorption. Thus, the conjecture is valid in the Kerr-AdS black hole [40] . The cosmic censorship conjecture has not been well studied in black hole solutions for various gravity theories, such as the string theory. The conjecture of the Kerr-Sen black hole was violated using the numerical approach in the second order of expansion to near-extremal condition [41] .
In this paper, we will analytically evaluate the stability of the outer horizon using charged particle absorption in the Kerr-Sen black hole for the low-energy effective field theory of the heterotic string theory in four dimensions. The stability of the horizon is a necessary condition for the validity of WCCC, so that we cannot ensure WCCC without the stability of the horizon. In addition, WCCC was given in Einstein's gravity theory, and the validation of the black holes based on string theory would be an interesting finding. The equation of motion, which was obtained from the separability of the Hamilton-Jacobi method, was consistent with the laws of thermodynamics for the Kerr-Sen black hole. Changes in the black hole when it absorbs the charged particle are given in terms of momenta and electric charge of the particle. We have proven the stability of the horizon for a nonextremal black hole by showing the increase in the horizon area. Further, to test the stability for the extremal black hole, the changes in the black hole will be applied and it will be shown that the black hole cannot be overcharged by charged particle absorption. We also consider the near-extremal black hole to complete our analysis. In the near-extremal condition, the horizon is unstable via the charged particle absorption. The instability is found for the angular momentum of the particle in the first-order expansion of the near-extremal condition and for the electric charge in the second order. However, the instabilities are resolved in the consideration of the adiabatic process carrying the conserved quantities of the particle to the black hole. Hence, the black hole can be more near-extremal than before the charged particle absorption, but it cannot be overcharged. Thus, the horizon of the Kerr-Sen black hole is stable for the charged particle absorption. This paper is organized as follows. In Sec. 2, the Kerr-Sen black hole and its thermodynamic properties are briefly reviewed. In Sec. 3, using the equation of motion obtained using the HamiltonJacobi method, the change in the Kerr-Sen black hole is written in terms of the conserved quantities of the charged particle and related to the laws of thermodynamics. In Sec. 4, an explanation of the validity of the cosmic censorship conjecture based on the Kerr-Sen black hole absorbing a charged particle is provided. In Sec. 5, we find the violation of the cosmic censorship conjecture in the nearextremal cases, but we resolve the violation using the adiabatic process. In Sec. 6, the results are summarized.
The Kerr-Sen Black Hole
The Kerr-Sen black hole is a solution to the low-energy effective field theory for heterotic string theory in four dimensions [3] . Heterotic string theories are ten-dimensional theories with N = 1 supersymmetry constructed by combining left-moving excitations of the 26-dimensional bosonic string theory with the right-moving excitations of the ten-dimensional superstring theory. There are two constructions of the heterotic string. One is a superstring with a E 8 ×E 8 gauge group. The other is with the SO(32) gauge group. The bosonic part of the effective action of the heterotic string theories is given in the four-dimensional string frame [3, 42] ,
where the metric is g µν in the string frame, and the dilaton field is given as Φ. The action in Eq. (1) contains [41] 
where the Maxwell field and antisymmetric tensor gauge field are A µ and B µν . In the heterotic string theory, charged black hole solutions can be generated from neutral solutions by applying the HassanSen transformation [43] . The Kerr-Sen black hole is also a solution generated from the Kerr black hole; therefore, the field components are different from the Einstein-Maxwell theory providing the ReissnerNordström black hole. The solution for the Kerr-Sen black hole carrying conserved quantities, such as mass M , angular momentum J, and electric charges Q, is obtained in the Einstein frame [3] .
where the spin parameter is written as a, and the Maxwell field components are
The inner and outer horizons are written as
The spin parameter is bounded as
The equality in Eq. (6) gives maximally saturated charges as an extremal condition. For the extremal black hole, the inner and outer horizons correspond to
The horizon area A H of the extremal Kerr-Sen black hole is interestingly given as
where the area only depends on the angular momentum. Further, this form of the area for the extremal condition is identical to that of a different rotating charged black hole in the five-dimensional framework [3, 44] . The angular velocity at the outer horizon is
The Hawking temperature, Bekenstein-Hawking entropy, and electric potential are given as
Then, the first law of thermodynamics is described as
There is a point to be noted in the work done in [41] which investigated WCCC in the Kerr-Sen black hole. In [41] , the violation of WCCC is numerically observed in near-extremal black holes for the second-order expansion. However, we analytically found the violation in both the first and second orders in this work. Further, in the consideration of the adiabatic process, we resolve the violations. This is consistent with the third law of thermodynamics. Finally, we have concluded that the Kerr-Sen black hole cannot be overspun by a particle.
Thermodynamics via Charged Particle Absorption
Owing to the conserved quantities of an absorbed particle, the Kerr-Sen black hole undergoes changes that should be constrained by the equation of particle motion. To describe these changes in terms of the conserved quantities of the particle, the first-order equation of motion is obtained using the Hamilton-Jacobi method. The charged particle, with energy E and angular momentum L, from the black hole is considered, and the Hamilton-Jacobi action of the particle is written as
where the mass of the particle is m, and the affine parameter is λ. The Hamiltonian of the particle with momentum p µ and electric charge e is given as
The Hamiltonian equation is separable [42, 45] , and all of the equations of motion can be obtained. However, the radial and θ-directional equations of motion are necessary for the case of charged particle absorption. The equations of motion in terms of the radial and θ-directional momenta, p r and p θ are
where the separate variable is K. The particle is assumed to be absorbed into the black hole when it passes through the outer horizon. Thus, the relationship between conserved quantities of the particle at the horizon must be determined. For a given location, the energy of the particle can be written in terms of momenta and electric charge by removing the separate variable K in Eq. (14) . The energy equation is given as
where
A positive root is chosen in Eq. (15) because it describes a future-forwarding particle [6, 7] . Since the energy is the conserved quantity for the time translation symmetry, the positive sign represents a particle forwarding to the black hole in a positive time flow. By the way, the root of the negative sign indicates a particle in a past-forward time, so the case represents the particle outgoing from the black hole. The root represents the relationship between the conserved quantities of the particle for a given location. The particle is assumed to be absorbed into the black hole when it passes through the outer horizon, where the energy of the particle E h can be written in terms of momenta and electric charge as
where there is no θ-directional dependency, and the energy of the particle is written in terms of the conserved quantities and radial momentum of the particle. The energy of the particle is not a variable now, but a value of a function determined by the momenta and electric charge of the particle. These conserved quantities change those of the black hole, so that
Changes in the black hole are related to Eq. (16) imposed by Eq. (17) . Thus, the relationship between the changes is given as
Therefore, the changes should be constrained by Eq. (18) during charged particle absorption. The changes in δM , δJ, and δQ of the black hole caused by the absorption will be related to each other by Eq. (18) . In addition, the radial momentum is also related to another thermal property. To test the stability of the horizon, first the variation of the horizon r h can be shown under Eqs. (3) and (18), and then
where there is freedom to choose the sign of L and e; hence, it is still difficult to determine the change in r h . To validate WCCC, the surface of the horizon should cover the inside of the black hole.
Therefore, we just illustrate how the surface area of the black hole changes under particle absorption. As shown in Eq. (18), the angular momentum and electric charge can make a negative contribution to the mass of the black hole; hence, one can expect the surface area to shrink to the extremal bound of the black hole, and then, it can disappear. To test the change in the area, we investigated the change in the Bekenstein-Hawking entropy, which is proportional to the area of the horizon. The change can be obtained from
Inserting Eqs. (18) and (19) to replace δM and δr h in terms of δJ and δQ, we find the increase in entropy as
The change in entropy is proportional to the radial momentum, which is always positive for the incoming particle. Therefore, since there is no limitation on choosing the sign of L and e, the surface area always increases, whatever particle is absorbed by the black hole. In addition, it also means that the entropy of the black hole always increases so that the second law of thermodynamics is satisfied during charged particle absorption. From Eq. (22), we can find out that there is a close relationship between the stability of the horizon and the second law of thermodynamics. The second law of thermodynamics is related to the behavior of the irreducible mass of the black hole, which is an increasing part of the mass. Since the mass of the black hole consists of the irreducible mass and reducible energy, even if the total mass of the black hole decreases due to the decrease in reducible mass, the irreducible mass should increase during particle absorption. We can expect the change in the mass in Eq. (18) to explicitly include reducible energies related to δJ and δe, and the remaining terms may be related to the irreducible mass. After removing the δJ and δe parts in δM in Eq. (18) [6, 7] , the integration of the left-hand side gives the irreducible mass and its change,
where the irreducible mass always increases during absorption. Since the radial momentum of the particle is proportional to the change in the irreducible mass, we can now describe the components of the black hole mass,
where the rotation energy M rot and electric energy M elec are reducible masses. In the particle absorption, each charge of the particle can perturb the corresponding charge of the black hole. Hence, when we investigate the stability of the horizon, all particle charges should be taken into consideration with the particle energy equation of Eq. (18) . Without these parts, the mass of the black hole can be easily increased or decreased, and consequently, overcharging of the black hole can be achieved. The particle energy in Eq. (18) is not a specific relation only applied to this process, but a generally satisfied relation in black hole physics. The radial momentum can be rewritten as entropy using Eq. (22) so that
which is the first law of thermodynamics for the Kerr-Sen black hole. Changes in the black hole satisfy the laws of thermodynamics under charged particle absorption. Therefore, the outer horizon is stable in Kerr-Sen black hole as shown in the increase of the surface area for any particle satisfying the equation of motion. Further, we will show the stability of the horizon in the extremal Kerr-Sen black hole.
Cosmic Censorship Conjecture in Extremal Kerr-Sen Black Hole
Charged particle absorption can change the geometry of the black hole infinitesimally, owing to changes in the function ∆ r in the metric. Since the function ∆ r determines the extremality and locations of horizons, the horizon can disappear when the black hole is overcharged beyond the extremal condition. Spacetime then becomes a naked singularity. However, this is prevented by WCCC. Thus, the black hole should be tested to determine if overcharging or instability of the horizon is possible. To prove the stability of the horizon, the extremal Kerr-Sen black hole is investigated in this study. If the angular momentum or electric charge of the black hole slightly increases during particle absorption, the black hole may overcharge and become a naked singularity. This can be tested by changing the sign of the minimum of the function ∆ r during particle absorption. The function ∆ r of the extremal Kerr-Sen black hole has one minimum point at r = r e , and the horizon is located at this minimum point. The extremal conditions for the function ∆ r are
Particle absorption infinitesimally changes the charges in the black hole and the function ∆ r from (M, J, Q) to (M + δM, J + δJ, Q + δQ), which slightly moves the minimum point to r e + δr e . The moved minimum point r e + δr e satisfies
Hence, the solution of δr e is obtained as
which indicates the movement of the minimum point by the charged particle. The point is still the minimum, because
At the point r e + δr e , the minimum value of the function ∆ r is obtained as
The minimum value is always negative; hence, the black hole cannot be overcharged. Therefore, the outer horizon is stable during particle absorption, and the extremal condition is not satisfied. The black hole now has two horizons, an inner one and an outer one, which are represented as
where the positive horizon is the outer horizon and the negative horizon is the inner horizon. The change in mass, which is increased because of particle absorption, is greater than that caused by rotational and electric energies, so that extremality is broken. Therefore, the horizon is stable for the Kerr-Sen black hole.
Cosmic Censorship Conjecture in Near-Extremal Kerr-Sen Black Hole
We now consider charged particle absorption in the near-extremal black hole. The near-extremal condition is introduced in Eq. (5) and (6) . Then,
where D is the free parameter having a very small value owing to the near-extremal condition, D ≪ 1. When the conserved quantities of the black hole, (M, J, Q), change to (M + ∆M, J + ∆J, Q + ∆Q) by the absorption, if the value of D becomes negative, the horizon disappears, and then the cosmic censorship conjecture is violated. In this section, we use ∆ instead of δ, because we will consider up to the second order in the expansion of ∆M , ∆J, ∆Q, and p r . The value of D changes to D + ∆D in (M + ∆M, J + ∆J, Q + ∆Q), and the first order of the expansion in Eq. (33) is given as
in which ∆M can be removed by Eq. (18), because conserved quantities are carried by the charged particle. We can then remove ∆M in terms of the electric charge and momenta of the particle. This can be written in a compact form as
in which there is no ∆Q term; hence, the angular momentum of the particle is dominant in the firstorder expansion. When this becomes negative, the cosmic censorship conjecture is violated. For the simplest example, we set p r = 0. Then, if the particle has an angular momentum greater than
the value of Eq. (36) becomes negative, so the black hole is overcharged. Then, WCCC is violated. Note that we choose the value of D to be small enough that the horizon of the near-extremal black hole can disappear with a small angular momentum of the particle satisfying Eq. (37), so that the cosmic censorship conjecture is violated. However, Eq. (37) implies that the scale of ∆J of the particle is of the order of D of the black hole; hence, the scale of ∆J is large. We then need to consider the path from (M, J) to (M + ∆M, J + ∆J). The violation of the cosmic censorship conjecture is a result of a jump from (M, J) to (M + ∆M, J + ∆J) at a once. However, since the particle collides at a specific point of the horizon, the energy of the particle takes time to spread across the whole volume of the black hole. In the jump at a once, the energy is assumed to merge into the black hole at a moment. Hence, the jump at a once might be unphysical to represent this process. Instead of this, if we consider a continuous path called the adiabatic process [46] , the result becomes different. We
. Then, the continuous path is given in terms of n steps
where δJ = ∆J n and D i−1 > D i , because the black hole becomes more near-extremal than before a step. Hence, the final state of the black hole is also (M + ∆M, J + ∆J). The near-extremal condition D changes with each step.
where D 0 = D. Note that the case of n = 1 represents the jump from (M, J) to (M + ∆M, J + ∆J). Since the horizon of the near-extremal condition is given as
Owing to the definition of δJ,
If we consider a large enough number of steps n ≫ 1 for a positive D n−1 , we always find 0 < D n < D n−1 . Hence, the near-extremal condition D n can be positive. Therefore, the black hole cannot be overcharged by the particle absorption. This is consistent with the third law of thermodynamics. This is generalized to the second order of ∆Q. For the charged particle with the angular momentum, the second-order expansion of ∆Q is obtained from Eq. (33) as
Therefore, in the second order of ∆Q, the horizon of the near-extremal black hole can disappear. In this case, the particle having p r = 0 should have an electric charge e = ∆Q such that
in which the black hole can be overcharged by the charge of the particle. In a manner similar to Eqs. (39) to (41), we define n steps in the absorption, and the near-extremal condition D n of the nth step is obtained as
In the consideration of sufficiently large n, the value of D n is always positive. Therefore, the horizon is still stable in the second order of ∆Q. We consider an adiabatic process of the charged particle absorption to prove the stability of the horizon. This process can be generalized to arbitrary values of L and e for the particle. In these cases, we can also assume a large number of steps n, so that the near-extremal condition D n is not negative. Using this process, we can divide the conserved quantities of the particle making the horizon unstable to infinitesimally small steps, so the horizon is still stable in the Kerr-Sen black hole. This result is consistent with the third law of thermodynamics.
Summary
In this study, the cosmic censorship conjecture of the Kerr-Sen black hole, which is a solution to the effective action of the low-energy string theory, was investigated. According to conjecture, the singularity of the black hole should be covered by its horizon, but the horizon may disappear when the black hole is overcharged beyond the extremal condition. Thus, the extremal black hole has been tested with maximally saturated charges for a given mass using charged particle absorption. The equation of motion for the charged particle was obtained using the Hamilton-Jacobi method and was separable to ensure that the energy of the particle, in terms of its momenta and electric charge at the outer horizon of the black hole, was exact. Further, the energy and charges of the particle were assumed to be absorbed into those of the black hole when the particle passed through the outer horizon of the black hole. The particle infinitesimally changes the angular momentum and electric charge of the black hole, and we can show the increase in the horizon area of the black hole. Hence, the black hole cannot be overcharged from a nonextremal black hole by the absorption. It also means that the Bekenstein-Hawking entropy increases, which obeys the second law of thermodynamics. The equation of motion can be rewritten as the first law of thermodynamics; hence, our approach is not a specific case, but a generally agreed-upon one. Therefore, changes in the black hole satisfy the laws of thermodynamics under charged particle absorption. Using the equation of motion, the stability of the horizon for the extremal Kerr-Sen black hole has been investigated, and during particle absorption, the extremal black hole becomes a nonextremal one with inner and outer horizons, because the mass of the black hole increases beyond that of its charges. In the near-extremal black hole, the instability of the horizon is found in the first-and second-order expansion of the near-extremal condition. However, if we consider a continuous path carrying the conserved quantities from the particle to the black hole, the instability is resolved, and the black hole still has the outer horizon. Thus, the horizon is stable in the Kerr-Sen black hole based on the effective action of the low-energy string theory.
